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Abstract
As an extension of the Robinson–Trautman solutions ofD = 4 general relativity, we inves-
tigate higher dimensional spacetimes which admit a hypersurface orthogonal, non-shearing
and expanding geodesic null congruence. Einstein’s field equations with an arbitrary cos-
mological constant and possibly an aligned pure radiation are fully integrated, so that the
complete family is presented in closed explicit form. As a distinctive feature of higher dimen-
sions, the transverse spatial part of the general line element must be a Riemannian Einstein
space, but it is otherwise arbitrary. On the other hand, the remaining part of the metric is
— perhaps surprisingly — not so rich as in the standard D = 4 case, and the corresponding
Weyl tensor is necessarily of algebraic type D. While the general family contains (generalized)
static Schwarzschild–Kottler–Tangherlini black holes and extensions of the Vaidya metric,
there is no analogue of important solutions such as the C-metric.
PACS 04.50.+h, 04.20.Jb
1 Introduction
The Robinson–Trautman family of spacetimes, which was discovered almost fifty years ago
[1, 2], is one of the fundamental classes of exact solutions to Einstein’s field equations (see
chapter 28 in the comprehensive review book [3]). This large group of algebraically special
spacetimes contains many important particular vacuum solutions, such as Schwarzschild-
like black holes, accelerating black holes described by the C-metric, and other radiative
spacetimes of various algebraic types. It also admits a cosmological constant, electromagnetic
field or pure radiation, as in the special case of the Vaidya metric.
Geometrically, the Robinson–Trautman class is defined by admitting a geodesic, shear-
free, twist-free but expanding null congruence. This invariant definition, based on optical
scalars, can be applied to any theory of gravitation represented by a Lorentzian metric on
a D-dimensional manifold. In the case D = 4, the interplay between “geometric optics”
and other properties of the gravitational field has been thoroughly explored (see [3] and
original references therein). Among various remarkable results, the Goldberg-Sachs theorem
states that a vacuum metric is algebraically special if and only if it contains a shear-free
geodesic null congruence [3]. It is a result of resent research that the same proposition does
not hold in higher dimension, and that shear comes to play an important role which is as
yet not completely understood. For example, it has been demonstrated that the principal
null directions of the D = 5 Myers-Perry spacetime (which is of type D) are shearing [4, 5].
Furthermore, in vacuum spacetimes of type III or N, a multiple principal null direction with
expansion necessarily has also non-zero shear [5]. This implies in particular that there do
not exist Robinson-Trautman vacuum solutions of type III or N when D > 4, as opposed to
the D = 4 case [3]. In this context, the knowledge of explicit Robinson-Trautman metrics in
higher dimension would be desirable. It is the purpose of the present paper to systematically
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derive the D > 4 Robinson–Trautman class of solutions and to discuss its main features.
Here we confine ourselves to the most important case of vacuum spacetimes, with a possible
cosmological constant, but we allow for the presence of aligned pure radiation. In section 2
we study the general form of the line element under purely geometrical requirements on the
optical scalars. In section 3 we derive the explicit solutions to Einstein’s equations within
such a setting. We summarize and discuss the obtained spacetimes in section 4, and present
concluding remarks in section 5. Appendix A discusses the structure of the Weyl tensor of
the general metric, and appendix B provides some useful identities.
2 Geometrical assumptions
Throughout the paper we will basically follow the strategy of [2]. Given a D-dimensional
spacetime (D ≥ 4), let us consider a family of null hypersurfaces u(x) = const, i.e. with
normal (and tangent) kα = −u,α satisfying gαβkαkβ = 0. This automatically guarantees
that the null congruence of integral curves of the vector field kα = gαβkβ is geodesic and
affinely parametrized, i.e. kα;βk
β = 0. It is natural to take the function u itself (constant
along each ray) as one of the coordinates, so that kα = −δuα and guu = 0. As for the
remaining coordinates, we use the affine parameter r along the geodesics generated by kα,
and “transverse” spatial coordinates (x1, x2, . . . , xD−2) which are constant along these null
geodesics. This further implies kα = δαr , that is g
ur = −1 and guu = 0 = gui. Therefore, the
covariant line element can be written as
ds2 = gij
(
dxi + gridu
) (
dxj + grjdu
)− 2 dudr − grrdu2, (1)
where the metric functions may depend arbitrarily on all the coordinates (x, u, r); from
now on, x stands for all the transverse coordinates xi and lowercase latin indices ranges as
i = 1, . . . , D−2. Useful relations between the covariant and contravariant metric coefficients,
to be employed in the sequel, are
gri = gijguj , g
rr = −guu + gijguiguj , gui = grjgij , (2)
while grr = 0 = gri. In this coordinate system, it is also easy to see that
kα;β =
1
2
gαβ,r. (3)
For later purposes, it is convenient to define an auxiliary (D− 2)-dimensional spatial metric
γij by
γij = p
2gij , p
2(2−D) ≡ det gij = − det gαβ, (4)
so that det γij = 1. Then one can express the generalized optical scalars [4, 5] associated to
kα simply as1
θ ≡ 1
D − 2k
α
;α = −(ln p),r,
σ2 ≡ k(α;β)kα;β −
1
D − 2(k
α
;α)
2 =
1
4
γliγkjγki,rγlj,r, (5)
where θ and σ are, respectively, the expansion and the shear scalars.
Now, imposing the additional condition that the congruence kα is shear-free, σ2 = 0,
(which is equivalent to the vanishing of the full shear matrix σli of [5]), eq. (5) leads to
γij,r = 0, (6)
since there always exists a frame in which γij is diagonal, with strictly positive eingenvalues.
To summarize, the line element of any spacetime admitting a hypersurface orthogonal
(therefore geodesic) shear-free null congruence k = ∂r can thus be written in the form (1),
with gij = p
−2γij ; the matrix γij is unimodular and independent of r, while p, g
ri and grr
are arbitrary functions of (x, u, r).
1Using the standard identity γijγij,r = [ln(det γij)],r which implies γ
ijγij,r = 0. Notice that the twist matrix [5]
identically vanishes here, i.e. k(α;β) = kα;β, due to the assumed hypersurface orthogonality of k
α. It is also worth
emphasising that the definitions of the scalars θ and σ2 in (5) hold only when an affine parameter is used along kα.
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Such a metric is left invariant by the following coordinate transformations (which do
not change the family of null hypersuperfaces u = const nor the affine character of the
parameter r):
xi = xi(x˜, u˜), u = u(u˜), r = r0(x˜, u˜) + r˜/u˙(u˜). (7)
Since any two-dimensional metric is conformally flat, when D = 4 one can always use such
coordinate freedom to cast the metric γij into an explicitly conformally flat form [2]. However,
for D > 4 this is generally not the case, so that our approach will now slightly depart from
that of Robinson and Trautman. Nevertheless, we shall recover the results of [2] in the
special case D = 4 (see the end of subsection 3.6).
3 Einstein’s field equations
The next step is to discuss specific consequences of plausible physical requirements, in par-
ticular imposing Einstein’s equations with a suitable energy-momentum tensor in the above
Robinson–Trautman class. In the present paper we concentrate on spacetimes which do
not contain matter fields, except (possibly) pure radiation aligned with the null vector kα,
characterized by Tαβ = Φ
2kαkβ . In the coordinate system introduced above this means that
only the Tuu component can be non-vanishing. In addition, we admit the presence of an
arbitrary cosmological constant Λ. Our analysis will in particular reduce to investigation of
vacuum spacetimes when both Tuu = 0 and Λ = 0.
Recalling the line element (1) and the relations (2), the full Einstein field equations
Rαβ − 12Rgαβ + Λgαβ = 8piTαβ thus reduce to the following set of equations: Rrr = 0,
Rri = 0, Rij =
2
D−2Λgij , Rur = − 2D−2Λ, Rui = 2D−2Λgui, and Ruu = 2D−2Λguu+8piΦ2. We
now proceed to integrate all such equations.
3.1 The equation Rrr = 0
Since we have assumed that twist and shear are identically vanishing, a generalized Sachs
equation2 implies that for the Rrr component we have simply
Rrr = −(D − 2)(θ,r + θ2). (8)
The integration of the field equation Rrr = 0 singles out two alternative solutions. The
first arises when θ = 0 which, using eq. (5), is equivalent to p = p(x, u). This possibility
corresponds to the Kundt class of spacetimes admitting a non-expanding null congruence,
some properties of which in D > 4 have been discussed, e.g., in [7] and references therein.
Alternatively, for θ 6= 0 the vector field kα has non-zero expansion and one finds θ−1 =
r + r0(x, u). By analogy with the well-known D = 4 case, we refer to this as the Robinson–
Trautman class of spacetimes: it will be the subject of this paper. The arbitrary function
r0 can always be set to zero by a transformation (7). From eq. (5) we can thus factorize
p = r−1P (x, u), where P is an arbitray function. It is also convenient to rescale the transverse
spatial metric by introducing hij = P
−2γij , so that the relation (4) can now be written as
gij = r
2hij(x, u). (9)
This specifies the r-dependence of gij in the metric (1).
3.2 The equation Rri = 0
The next Einstein equation to consider is Rri = 0. After some calculations one finds
Rri = −1
2
hij r
2−D
(
rDgrj,r
)
,r
. (10)
The field equation thus requires
gri = ei(x, u) + r1−Df i(x, u), (11)
where ei and f i are arbitrary functions of x and u, while the r-dependence of the metric
functions gri is now completely fixed.
2Namely, (D− 2)θ,αk
α+σ2 +(D− 2)θ2 +Tr(A2) = −Rαβk
αkβ , where A is the twist matrix [5]. This identity
follows from the definition of the Riemann tensor applied to any geodesic null vector kα with an affine parameter.
Cf. also [6], and eq. (6.33) of [3] for D = 4.
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3.3 The equation Rij =
2
D−2
Λgij
Somewhat lengthier calculations give the following “transverse” Ricci tensor components
Rij = Rij − hij
[
r4−D
(
rD−3grr
)
,r
+ rgrk,k + rg
rk(ln
√
h),k − r(ln
√
h),u
]
(12)
− 1
2
r4−D
[
rD−2
(
2hk(ig
rk
,j) + g
rkhij,k
)]
,r
− 1
2
r4grk,rg
rl
,rhikhjl +
D − 2
2
rhij,u,
where
h ≡ dethij so that
√
h = P 2−D , (13)
Rij is the Ricci tensor associated with the spatial metric hij , and indices within small round
brackets are symmetrized. We wish now to solve the equation Rij =
2Λ
D−2gij . Using previous
eqs. (9) and (11), one can split it in terms with different r-dependence. By inspection, it
follows that grr must be of the form
grr = c1 + c2r + c3r
2 + c4r
2−D + c5r
2(2−D) + c6r
3−D, (14)
where c1, . . . , c6 are arbitrary functions of (x, u). Substituting this expression into Rij =
2Λ
D−2r
2hij (and contracting with h
ij when necessary) determines five of such six functions as
c1 =
R
(D − 2)(D − 3) , c2 =
2
D − 2
[
(ln
√
h),u − ek,k − ek(ln
√
h),k
]
,
c3 = − 2Λ
(D − 1)(D − 2) , c4 =
D − 3
D − 2
[
fk,k + f
k(ln
√
h),k
]
, (15)
c5 =
1
2
D − 1
D − 2hklf
kf l,
where R = hijRij . In addition, one finds that the metric hij and the functions ei and f i
must satisfy the constraints
Rij = R
D − 2hij ,
2hk(ie
k
,j) + e
khij,k − hij,u = 2
D − 2
[
ek,k + e
k(ln
√
h),k − (ln
√
h),u
]
hij , (16)
2hk(if
k
,j) + f
khij,k =
2
D − 2
[
fk,k + f
k(ln
√
h),k
]
hij ,
(hikf
k)(hjlf
l) =
1
D − 2(hklf
kf l)hij .
First, it is easy to see that the left-hand side of the last equation for f i represents a
matrix with zero determinant. Thus, the determinant on the right-hand side must also
vanish. Since hij is positive definite and thus non-degenerate, the only possible solution is
that hklf
kf l = 0, which necessarily implies
f i = 0. (17)
This automatically satisfies the third equation in (16). In addition, thanks to eq. (17) we can
use the coordinate freedom (7) to remove the coefficients gri = ei in the metric (1). Thus,
without loss of generality we may set (at least locally)
ei = 0. (18)
Explicitly, this can be achieved by performing the transformation
xi = xi(x˜, u) ≡ −
∫
ei(x˜, u) du. (19)
This is regular only when the determinant det J ij of the Jacobi matrix J
i
j =
∂xi
∂x˜j is non-
vanishing. In the degenerate case detJ ij = 0, we may alternatively remove e
i, for example,
with the transformation
xi = −
∫
ei(x˜, u) du− λ x˜i. (20)
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This is now clearly regular provided λ 6= 0 is any real parameter different from the eigenvalues
of the matrix J ij in the neighbourhood of a given point.
To summarize, dropping tildes, we are now left with the Robinson–Trautman metric in
the form
ds2 = r2hij dx
idxj − 2 dudr − grrdu2, (21)
where, using eqs. (14), (15), (17), (18), the coefficient grr is explicitly given by,
grr =
R
(D − 2)(D − 3) +
2(ln
√
h),u
D − 2 r −
2Λ
(D − 2)(D − 1) r
2 − µ
rD−3
. (22)
The function µ(x, u), which renames c6, is arbitrary, and the (D − 2)-dimensional spatial
metric hij is constrained by the first two equations in (16) with e
i = 0, namely
Rij = R
D − 2hij , (23)
hij,u =
2
D − 2hij(ln
√
h),u. (24)
As a well-known fact, any two-dimensional metric hij satisfies the first equation (23), so
that this is identically satisfied in the special case D = 4. As a particular consequence, for
D = 4 the scalar curvature R of hij will generally depend both on u and on the spatial
coordinates x. On the other hand, for any D > 4, eq. (23) tells us3 that R can depend only
on the coordinate u, and that at any given u = u0 = const each spatial metric hij(x, u0)
must describe an Einstein space (for D = 5 this implies that hij(x, u0) corresponds to a
3-space of constant curvature).
The latter equation (24) “controls” the parametric dependence of hij(x, u) on u, and it can
be easily integrated to obtain hij = h
1/(D−2) γij(x). Consequently, h ≡ dethij = h det γij ,
so that the matrix γij must be unimodular. Considering eq. (13) we can write
hij =
γij(x)
P 2(x, u)
where det γij = 1 (25)
(note that γij coincides with the γij matrix introduced in section 3). The spatial metric
hij(x, u) can thus depend on the coordinate u only via the conformal factor P
−2.
3.4 The equation Rur = − 2D−2Λ
The next Ricci tensor component for the metric (21) reads
Rur =
1
2
r2−D
(
rD−2grr,r
)
,r
− r−1(ln
√
h),u . (26)
By substituting the expression (22) we obtain Rur = − 2D−2Λ, so that the corresponding field
equation is automatically satisfied.
3.5 The equation Rui =
2
D−2
Λgui
The Ricci tensor component Rui for the metric (21) is
Rui =
1
2
r4−D
(
rD−4grr,i
)
,r
+
1
2
(
hjkhik,u
)
,j
+
1
2
hjkhik,u(ln
√
h),j − 1
4
hjkhlmhkl,uhjm,i − (ln
√
h),ui . (27)
Now we use relation (24), substitute for grr from eq. (22) and we employ the field equation
Rui =
2
D−2Λgui = 0 (cf. eq. (21)). Comparing the coefficients of different powers of r we
obtain two simple conditions
(D − 4)R,i = 0, µ,i = 0. (28)
3Just compare the covariant derivative of eq. (23) with the contracted Bianchi identities (in the geometry of
hij) to get R,j = 0 (unless D = 4). We shall return to this specific point shortly from a different viewpoint.
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It immediately follows that the function µ must be independent of the spatial coordinates,
µ = µ(u), (29)
and similarly
R = R(u) for D > 4. (30)
In the unique case D = 4 the first equation in (28) is satisfied identically, so that one can
have a much more general functionR(x, u). This explicitly confirms our arguments presented
above which were based on the application of the Bianchi identities in relation to constraints
(23).
3.6 The equation Ruu =
2
D−2
Λguu + 8piΦ
2
Finally, we evaluate the Ricci tensor component Ruu. It turns out that
Ruu =
1
2
grrgrr,rr −
1
2
grr,r(ln
√
h),u +
D − 2
2r
(
grrgrr,r + g
rr
,u
)
+
1
2r2
[(
grr,ih
ij
)
,j
+ grr,ih
ij(ln
√
h),j
]
− (ln
√
h),uu − 1
4
hilhjk hij,uhkl,u . (31)
When we substitute the explicit form (22) of the metric function grr = −guu (cf. eq. (2)),
we use the constraint (24) and the relation
√
h = P 2−D, see (13), we obtain
Ruu =
2
D − 2Λguu +
D − 2
2 rD−2
[(D − 1)µ(lnP ),u − µ,u]
+
1
2(D − 2)(D − 3) r2
[
(R,ihij),j − (D − 2)(R,ihij)(lnP ),j
]
(32)
+
1
r
[R,u − 2R(lnP ),u
2(D − 3) −
(
hij(lnP ),ui
)
,j
+ (D − 2)hij(lnP ),ui(lnP ),j
]
.
This must now satisfy Ruu =
2
D−2Λguu+8piΦ
2. The first term in eq. (32) is thus exactly
of the required form, and can be cancelled. In addition, the last term (proportional to r−1)
vanishes identically. Indeed, since hij = P
−2γij (cf. eq. (25)) and
(
γij(lnP ),i
)
,j
= γ∆(lnP )
(where γ∆ is the Laplace operator in the geometry of γij), such term can be rewritten as
1
2r
[R,u − 2R(lnP ),u
D − 3 − P
2
[
2 γ∆(lnP )− (D − 4)γkl(lnP ),k(lnP ),l
]
,u
]
, (33)
which equals zero thanks to eq. (B4) in appendix B. We can now concentrate on the remaining
two terms proportional to r2−D and r−2.
The Bianchi identities imply Tαβ;β = 0 which, using the first definition in eq. (5), for
Tαβ = Φ
2kαkβ gives the equation (ln Φ
2),r = (2 − D) θ. In particular, for the Robinson–
Trautman family of spacetimes θ = r−1 (cf. subsection 3.1), so that the possible pure
radiation is characterized by the function
Φ2 = r2−Dn2(x, u) , (34)
where n is an arbitrary function of x and u. This allows us to easily compare the terms with
different powers of r in the field equation for Ruu. In higher dimensional spacetimes with
D > 4 one has R,i = 0, see (30), so that we have a non-vanishing contribution only from the
r2−D term. We thus obtain the condition
(D − 1)µ (lnP ),u − µ,u = 16pi n
2
D − 2 (D > 4) . (35)
On the other hand, in the exceptional case D = 4 the two terms proportional to r2−D
and to r−2 are both non-vanishing and, obviously, with the same r dependence. Hence they
sum up to give the more complicated equation
1
2
(R,ihij),j − (R,ihij)(lnP ),j + 6µ(lnP ),u − 2µ,u = 16pin2 (D = 4) . (36)
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The first two terms represent (one-half of) the covariant Laplace operator on a 2-space with
metric hij (applied to R). Renaming µ = 2m we thus obtain 12∆R+ 12m(lnP ),u − 4m,u =
16pin2, which is the familiar form of the Robinson–Trautman equation (see eq. (28.71) in [3]).
Let us emphasise that in the D = 4 canonical form given in [2, 3], the 2-dimensional spatial
metric takes the conformally flat form hij = P
−2(x, u)δij . In fact, for D = 4 we can achieve
this by a transformation xi = xi(x˜) involving only the spatial coordinates x, since the u-
dependence of the spatial metric is factorized out as in eq. (25).
4 Discussion of Robinson–Trautman solutions in D > 4
We can thus present the complete explicit form of the Robinson–Trautman spacetimes
(aligned pure radiation or vacuum with a cosmological constant Λ) in any dimension D > 4
as
ds2 =
r2
P 2
γij dx
idxj − 2 dudr − 2H du2, (37)
where the function 2H ≡ grr = −guu is given by
2H =
R(u)
(D − 2)(D − 3) − 2 r(lnP ),u −
2Λ
(D − 2)(D − 1) r
2 − µ(u)
rD−3
. (38)
The unimodular spatial metric γij(x) and the function P (x, u) must satisfy the field equa-
tions (23) for the Einstein metric hij = P
−2γij . Having thus established the function P (x, u),
we can prescribe an arbitrary function µ(u) and then employ the last eq. (35) — which is
the equivalent of the Robinson–Trautman equation in higher dimensions — to evaluate the
corresponding function n2(x, u) which characterizes pure radiation in the spacetime.
Notice that using the coordinate freedom remaining from (7), namely the reparametriza-
tion of u,
u = u(u˜), r = r˜/u˙(u˜), so that P˜ = P u˙ , R˜ = R u˙2 , µ˜ = µ u˙D−1 , (39)
(R˜ is indeed the Ricci scalar of the rescaled metric h˜ij = u˙−2hij) we may achieve further
useful simplification of the metric (37), (38). For example, we can always put µ˜ to be a
constant. Alternatively, in D > 4 we can set R˜ to a constant. Also, transformations of the
coordinates xi = xi(x˜) can be used to change the form of the spatial metric hij . In any case,
for fixed r and u the metric h˜ij can be any positive definite Einstein space, see (23), the
u-dependence of this family being governed solely by P .
We have thus found that for the family of the Robinson–Trautmane spacetimes in higher
dimensions the metric function H , given explicitly by (38), is simple. In fact, it is much
simpler than in the case D = 4 because R can not depend on x. In this sense, the Robinson–
Trautman class admits a richer structure in four dimensional general relativity than in higher
dimensions (see also the sequel for further comments). On the other hand, the variety of
possible spatial metrics hij is huge. For example, ifR > 0 and 5 ≤ D−2 ≤ 9 one can take any
of the infinite number of non-trivial compact Einstein spaces presented and classified in [8].
One can also easily verify, see Appendix A, that higher dimensional Robinson–Trautman
vacuum/pure radiation solutions (with an arbitrary cosmological constant) can be only of
type D (or conformally flat, i.e. type O, in which case they reduce to constant curvature
spacetimes) in the algebraic classification of [9]. Again, this should be contrasted with the
case D = 4, in which all algebraically special types are allowed.
For certain purposes it may be useful to rewrite the crucial equation (23) explicitly for
γij and P . Using the conformal relation hij = P
−2γij and eq. (B5), eq. (23) becomes
1
D − 4
(
γRij −
γR
D − 2γij
)
= −(lnP )||ij − (lnP ),i(lnP ),j
+
1
D − 2 γij
[
γ∆(lnP ) + γkl(lnP ),k(lnP ),l
]
, (40)
where the lower double vertical bar denotes the covariant derivative with respect to γij .
The simplest class of Robinson–Trautman spacetimes in higher dimensions obviously
arises when the Einstein metric hij is of constant curvature and thus conformally flat (note
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that this is automatically true when D = 5, because hij is then three-dimensional). This
implies that with a suitable transformation of the coordinates xi we can always set
γij = δij . (41)
In this case, eq. (40) simplify enormously and can be explicitly integrated to obtain the
function P (x, u). Namely, we have P,ij = 0 for i 6= j, which imply that the coordinates
xi are separated, i.e. P must be of the form P = P1(x
1, u) + P2(x
2, u) + · · ·. The relation
P,11 = P,22 = · · · then tells us that there is a common separation function c(u). The complete
function P (x, u) can thus be integrated as
P = a(u) + bi(u)x
i + c(u) δijx
ixj , (42)
where a(u), bi(u), c(u) are arbitrary functions of u. The corresponding Ricci scalar in (38) is
R
(D − 2)(D − 3) = 4ac−
D−2∑
i=1
b2i . (43)
This gives the general explicit form of the Robinson–Trautman pure radiation spacetimes (37)
with a spatial metric hij = P
−2δij of constant curvature. These also contain the D > 4
counterpart of the well-known Vaidya metric [3].
4.1 Vacuum solutions
When the pure radiation field vanishes, i.e. n = 0, we obtain vacuum Robinson–Trautman
spacetimes (37) in higher dimensions with a general Einstein metric hij = P
−2γij . In this
case, one has to consider separately the two cases µ 6= 0 and µ = 0.
When µ 6= 0, it can always be set to a constant by a rescaling (39). Eq. (35) thus reduces
to µP,u = 0. Consequently, in this case the function P must be independent of the coordinate
u, and thus must therefore be also hij . It follows, in particular, that R is a constant. Unless
now R = 0, one can choose the transformation (39) to set R = ±(D − 2)(D − 3). The
corresponding vacuum Robinson–Trautman solutions are thus fully characterized by the line
element (37) with the simple function
2H = K − 2Λ
(D − 2)(D − 1) r
2 − µ
rD−3
, (K = 0,±1) , (44)
and they clearly admit ∂u as a Killing vector. As mentioned above, the spatial metric
hij = P
−2(x)γij(x) can describe any Einstein space with scalar curvature R = K(D −
2)(D − 3). When this space is compact, such a family describes various well-known black
hole solutions. In particular, if the horizon has constant curvature one obtains Schwarzschild–
Kottler–Tangherlini black holes [10], for which the line element can always be cast in the
form4
ds2 = r2
(
1 + 14K δklx
kxl
)−2
δij dx
idxj − 2 dudr − 2H du2. (45)
In addition, there are generalized black holes [11–13] with various horizon geometries (e.g.,
those presented in [8] for K = +1), non-standard asymptotics and, possibly, non-spherical
horizon topology. All these solutions are of type D (see appendix A). In passing, this also
proves that the static black ring of [14] does not belong to the Robinson–Trautman class,
since it is of type Ii [15].
In the exceptional case in which µ = 0, eq. (35) is identically satisfied, and one can
not conclude that P is independent of u. One can still rescale R(u) to be a constant
R = K(D − 2)(D − 3), K = 0,±1, so that in this case the line element (37) contains
the characteristic function
2H = K − 2 r(lnP ),u − 2Λ
(D − 2)(D − 1) r
2 . (46)
Such a metric looks very much like four-dimensional Robinson–Trautman vacuum solutions
of type N, see [3]. However, for D > 4 the corresponding Weyl tensor turns out to be either
of type D or vanishing (see appendix A).
4In this case, with the flat spatial metric (41) the function P is given by (42) in which a, bi, c are now constants.
With a linear transformation of x we can put P into a canonical form as in eq. (45).
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As a special subcase of the general D > 4 Robinson–Trautman class (37), (38), higher di-
mensional vacuum spacetimes (with an arbitrary cosmological constant) that admit a hyper-
surface orthogonal, non-shearing but expanding geodesic null congruence are thus necessarily
of the algebraically special type D (cf. also Appendix A) or are conformally flat. This is in
agreement with Ref. [5], which proved (via a study of the Bianchi identities) that the mul-
tiple principal null congruence of D > 4 type N and type III vacuum spacetimes is geodesic
but must have non-zero shear when it has non-zero expansion. For the case of non-twisting
null congruences, we have generalized this conclusion to include a non-vanishing cosmologi-
cal constant, and to prove that any algebraic type different from D and O is forbidden for
vacuum spacetimes with an expanding but non-shearing null congruence.
5 Conclusions
We have presented the complete family of higher dimensional spacetimes that contain a hy-
persurface orthogonal, non-shearing and expanding congruence of null geodesics, and that
satisfy Einstein’s equations with an arbitrary cosmological constant and aligned pure radia-
tion. In particular, we have discussed vacuum solutions. There appear fundamental differ-
ences with respect to the standard D = 4 family of Robinson–Trautman solutions. While
the latter was originally derived during investigations of exact gravitational waves in general
relativity [1, 2], it turned out that the vacuum D > 4 class contains essentially only static
black holes. From the viewpoint of the algebraic classification of the Weyl tensor, only the
type D (or O in the vacuum case) is permitted, whereas in four dimensions there exist solu-
tions of all special Petrov types [1–3] (with a different approach it was already anticipated
in [5] that type III and type N are forbidden within the class considered here). In addition,
even within the type D subclass, there are no higher dimensional counterparts of important
D = 4 Robinson–Trautman spacetimes such as the C-metric, which describes gravitational
radiation emitted from black holes in accelerated motion. On the other hand, the D > 4
Robinson–Trautman class allows for (non-accelerated) black holes with a much richer vari-
ety of horizon geometries, namely any compact Einstein space (not necessarily of constant
curvature) is permitted. Consequences of this fact concerning black hole uniqueness and
stability where explored, e.g., in [12, 13].
Along with [5], our conclusions indicate that it may be necessary to relax, e.g., the
shear-free assumption when looking for expanding radiative solutions in higher dimensions
(non-expanding D > 4 Kundt waves are shear-free and, in this respect, closer to their four-
dimensional counterpart, cf. [7] and references mentioned there). Still within the shearless
class considered here, natural generalizations would include additional matter content, such
as an electromagnetic field. These developments are left for possible future work.
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Appendix A. Weyl tensor and its algebraic type
General solution
For the general Robinson–Trautman line element (37) the only non-vanishing components of
the curvature tensor are given by (using eq. (24))
Rruru = H,rr , Rriuj = r[H,r + (lnP ),u]hij ,
Rijkl = r
2Rijkl − 4r2 [H + r(lnP ),u]hi[khl]j , (A1)
Rruui = −H,ri + r−1H,i , Ruijk = 2r2hi[k(lnP ),j]u + 2rhi[kH,j] ,
Ruiuj = r
[
[2H + r(lnP ),u]H,r +H,u − r[(lnP ),u]2 + r(lnP ),uu
]
hij ,
+H,ij −H,kΓkij ,
9
where Γkij and Rijkl are, respectively, the Christoffel symbols and the Riemann tensor asso-
ciated to the spatial metric hij . When we substitute the explicit form (38) of the function H ,
we find Rruui = 0 = Ruijk . Then, from the standard definition of the Weyl tensor we get
Cruru = −µ(u) (D − 2)(D − 3)
2rD−1
, Criuj = µ(u)
(D − 3)
2rD−3
hij ,
Cijkl = r
2Rijkl − 2r2
( R(u)
(D − 2)(D − 3) −
µ(u)
rD−3
)
hi[khl]j , (A2)
Cuiuj = 2H Criuj
— to derive the last component it is necessary to employ the field equations (35), (40) (after
differentiating the latter with respect to u) and the identities (B1), (B4).
Now, using a suitable frame based on the null vectors
k = ∂r, l = ∂u −H∂r (A3)
(such that k · l = −1), it is straightforward to see that the above coordinate components
give raise only to frame components of boost weight 0. The Weyl tensor is thus of type D
according to [9]. Type O (conformally flat spacetimes) is possible only if µ = 0, which implies
a vanishing pure radiation field (cf. eq. (35)). Therefore, as in the case D = 4 [3] there are
no conformally flat non-vacuum solutions in the Robinson–Trautman family.
Vacuum solutions: case µ 6= 0
For the vacuum line element (37) with the particular function (44) the components (A2)
become
Cruru = −µ (D − 2)(D − 3)
2rD−1
, Criuj = µ
(D − 3)
2rD−3
hij ,
Cijkl = r
2Rijkl − 2r2
(
K − µ
rD−3
)
hi[khl]j , (A4)
Cuiuj = 2H Criuj .
The Weyl tensor is again of type D.
Vacuum solutions: case µ = 0
For the line element (37), (46) one obtains from (A2) that the only non-vanishing components
of the Weyl tensor are
Cijkl = r
2(Rijkl − 2Khi[khl]j) . (A5)
Such spacetime is again obviously of type D. It degenerates to type O (thus to constant
curvature since it is vacuum) when Cijkl = 0, which is equivalent to having a transverse
spatial metric hij of constant curvature K, i.e. a function P of the form (42). In particular,
this is necessarily the case in D = 5 (since hij must always be of constant curvature in that
case, see section 4).
Appendix B. Useful identities
The relation between the geometries defined by two conformally related metrics hij = P
−2γij
of dimension D− 2 are well-known (see, e.g., section 3.7 in [3]). The Christoffel symbols Γkij
of hij are given by
Γkij =
γΓkij − 2δk(i(lnP ),j) + γijγkl(lnP ),l. (B1)
The Ricci tensors are related by
Rij = γRij + (D − 4)
[
(lnP )||ij + (lnP ),i(lnP ),j
]
+ γij
[
γ∆(lnP )− (D − 4)γkl(lnP ),k(lnP ),l
]
, (B2)
where γ∆ and the lower double vertical bar denote, respectively, the Laplace operator and
the covariant derivative in the geometry of γij . By contraction with γ
ij , one finds
P−2R = γR+ (D − 3) [2 γ∆(lnP )− (D − 4)γkl(lnP ),k(lnP ),l] . (B3)
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For our purposes, it is also useful to observe that differentiating this equation with respect
to the “parameter” u one obtains (see the main text and recall that γij,u = 0)
P−2 [R,u − 2R(lnP ),u] = (D − 3)
[
2 γ∆(lnP )− (D − 4)γkl(lnP ),k(lnP ),l
]
,u
. (B4)
Combining eqs. (B2) and (B3), for the traceless part of the Ricci tensor one gets
Rij − R
D − 2 hij =
γRij −
γR
D − 2 γij + (D − 4)
[
(lnP )||ij + (lnP ),i(lnP ),j
]
− D − 4
D − 2 γij
[
γ∆(lnP ) + γkl(lnP ),k(lnP ),l
]
. (B5)
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